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DESIGN AND PERFORMANCE 01”
SOOIUM-BONLIED URANIUM-PLUTOF’IUM

CARBIDE FUEL ELEMENTS

J. F. Kerrisk, N. S. DeMuth, d. L. Petty, T, W. Latimer (LASL)
J. A. Vitti and L. J. Jones(AI)

INTRODUCTION

The introduction of advanced carbide fuels into commercial liquid-
metal fast breeder reactors (LMFBR) has the potential for providing a sys-
tem with high breeding ratio and low fuel-cycle costs. Sodium-bonded ele-
ments with (U,PU)C fuel comprise one of the major designs currently being
pursued in the advanced fuels program. The general objective of the pro-
gram is to establish the irradiation perfo,.tiance of elements with design
parameters and operating conditions that are characteristic of LMFBRs with
high breeding ratios. This paper summarizes the design and irradiation
performance of sodium-bonded elements with carbide fuel and describes one
type of high-performance core that can be designed with these elements.

The general philosophy used in designing sodium-b~nded elements is to
size the fuel-cladding gap to accommodate fuel swelling during the life-
time of the element. High-density fuel, generally greater than 98% of
theoretical density, is employed so as to concentrate space for swelling
in the gap. The sodium bond provides a good heat-transfer medium that
keeps fuel temperatures low compa~ed to helium-bonded elements. These
design features give sodium-bonded elements a potential for achieving high
burnup at high linear power. However, early irradiation tests indicated
that fuel-pellet cracking, followed by rearrangement and wedging of the
broken fuel pieces, led to fuel-cladding mechanical interaction early in
life.1 This may have been the primary cause of cladding failure in these
early tests. Numerous solutions to the problem were considered. Fuel-
fragment restraint devices (shroud tubes) were given primary attention,2
The use of cladding that was thicker and stronger than that employed in
early tests was also tried. Specific tests that compare the irradiation
performance of elements with and without shroud tubes, with different fuel
and ciadding compositions, and under a variety of operating conditions are
being performed.



CURRENT TEST PROGRAM
/

A s~mmary of the sodium-bonded carbide tests in the current program
is given in Table I. All are EBR-11 tests. The first three (U51OO, K4,
and K4B) had a large number of variables and were, to some extent, scoping
tests. The primary objectives of these tests were to compare the irradia-
tion performance of elements with varying amounts of sesquicarbide in the
fuel (U51OO, K4, and K4B), with and without shroud tubes (U51OO), with dif-
ferent designs of shroud tubes (U51OO and K4), and with various cladding
and shroud-tube materials (U51OO). The fuel in these experiments varied
from single-phase (U,PU)C to fuel with as much as 17 vol% sesquicarbide.
The U51OO elements without shroud tubes attained only -3 at.% burfiup when ‘
one failed. The remain$ng U51OO elements continued irradiation with the
K4 test. The shroud tube designs in the U51OO and K4 elements varied main-
ly in the slot area in the ttibes.z The U5100-elemefiL claddings were solu-
tion-annealed Type 304 stainless steel and Incoloy 800 with 0.36-mm wall
thickness. Both the K4 and K4B tests used 20% cold-worked Type 316 stain-
less steel cladd{ng, 0.30-mm thick for K4 and 0.38-mm thick for K4B.

In the latter six tests (AIR-1and K7 through K12), all fuel was
(Uoo8Puoo2)C with 10 i 5 vol% (U,Puj2C3. Most of the tests (AIR-1, K7,
K8, and K9) were clad in 20% cold-worked Type 316 stainless steel; one
(Kll) had NimonicPE16 and Type-316-stainless-steel cladaings while another
(K12) had only PE16 cla~ding. Two cladding diameters were employed (see
Table I). Most tests (AIR-1 and K7 through Kll) used 0.38-mm-thick clad-
ding for elements with shroud tubes and 0.51-mm-thick cladding for elements
without shroud tubes. In K12, the cladding was reduced to a wall thick-
ness of 0.30 mm for elements with shroud tubes ~nd 0.38 mm for elements
with’.ut shroud tubes because of the increased strength of PE16 over that
of stainless steel. Two of these tests (AIR-1 and K12) were designed to
compare the behavior of elements with and without shroud tubes. These tests
used both 20% cold-worked and solution-iJnnealed Type-316-stainless-steel
shroud-tube material. All sodium-bonded elements in the other four tests
had shroud tubes; two (K7 and K8) employed only cold-worked material while
the other two (K9 and Kll) used both cold-worked and solution-annealed
material. Wall thicknesses of the shroud t~bes were 0.08-0.09 mm. Dia-
metral gap sizes ai-e listed in Table I.

“The operating conditions of these experiments were designed to simu-
late two LMFBR core locations: near the core midplane where peak power
occurs, and at the top of the co;-e where the power is low but the claddinq
temperature is high. The short core height (343 mm) and relati’~ely flat
axial power profile of EBR-11 did not permit achieving typical LNFBR peak-
power and top-of-core c~nditions in a single test. Two tests (Y8 and K9)
simulate top-of-core conditions with peak cladding temperature~ near 650°C
(see Table 1). The peak linear powers of these two tests depend on the
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element diameter; they were chosen to give top-of-core linear powers simi-
lar to those expected in the Fast Test Reactor, (FTR). The other seven tests
simulate the peak power conditions in FTR.

IRRADIATION PERFORMANCE

Three of the tests described in Table I (U51OO, K4, and AIR-1) have
reached their goal burnup and are in various stages of postirradiation ex-
amination. The remainder of the tests are continuing irradiation, although
interim examinations have been performed on K4B, K7, K8, and K9 elements. ‘
One cladding failure has occurred in a K4 element that exceeded its goal
burr,up. Mos~ of the irradiation-pe]
from U51OO and K4 elements; hcwever
tained during interim examinations

formance information is based on-data
information from other elements ob-
s also included.

Fuel Swelling

Fuel swelling rates have been estimated in two ways: from fuel column
length changes and from measurements on whole, single fuel pellets taken
near the midplane of the fuel columns of U51OO and K4 elements. Both types
of measurements indicate that the unrestrained-swelling rate of single-
phase monocarbide fuel is greater than that of fuel with sesquicarbide pre-
sent. Peak fuel-swelling rates of -3.0 vol%/at.% burnup were determined
for single-phase (U,PU)C while rates of -2.4 vol%/at.% burnup were found
for fuel with sesquicarbide present.

Shroud Tube Performance

Evidence from U51OO and K4 elements at interim and final examinations
(5.6-9.5 at.% burnup) and AIR-1 elements at interim examination (-8 at.%
burnup) indica~es that shroud tubes are meeting their design requirement
of retaining broken fuel fragments.2 During the examination of the U51OO
and AIR-1 elements and one low-burnup K4 element, the shroud tubes and
associated fuel pellets were ejected from the cladding. Little ur no force
was ,’equired, indicating no mechanical interaction with the cladding. Some
cracking of shrn(jd-tube ligamerlts was teen, sometimes completely around
the tube. Little evidence of chemical interaction between the fuel and
shroud tubes was evident except for carburization and pitted areas in some
stainless steel shroud-tube ligaments.2

During the final examination of the hiqh-burn~lp K4 elements (8.8-9.5
at.%), attempts to eject the shroud tubes and fuel from the clacldings of
two elements were unsuccessful owing to the large forces encountered.



?rofilometry data also gave ind
action in these elements. \4/~p~

taken, the shroud tubes and fue’
(rig. 1). These elements appear

cations of fuel-cladding mechanical \nter-
transverse metallographic sections were
were nearly in contact with the cladding

to be examples of complete use of the
a~ailable room for swelling” with subsequ~nt fuel-cladding mechanical inter-

,action. The failed element (K4-2) was in this group; however, fuel-clad-
ding mechanical interaction was probably riotthe sole cause of failure
(’see Cladding Deformation section).

Three tests (U51OC, AIR-1, and K12) were d~signed to compare the irra-
diation behavior of elements with and without sh~oud tubes, The early
failure (3 at.%) of ~ U51OO element without a shroud tube was not unexpect-
ed since the design of these elements was noi. substantially different from
early sodium-bonded elements that failed. The excellent performance of
the U51OO elements with shroud tubes indicates the value of the shroud tube
in this design. The lack of fa~-!ores in the AIR-1 test shows that when
thicker (0.51-mm wall) and higher strength (20% cold-worked Type 316 stain-
less steel) cladding is used in sodium-bor,ded elements without shroud tubes,
they can also achieve a high goal burnup.

Cladding Deformation

Cladding deformations associated with internal mechanisms (fuel-clad-
ding mechanical interaction) and external mechanisrrs (soacer-cladd]ng me-
chanical interaction) have been observed in sodium-bonded elements. Clad-
ding ovalities resulting from fuel cracking and rearrangement were a common
occurrence in early sodium-bonded elements without shroud tubes.3 These
ovalities were irregularly spaced axially along the cladding. Ovalities
caused by fuel-cladding mechanical interaction are ~sually absent in ele-
ments w“ih shroud tubes. The high-burnup K4 elements, however, showed that
fuel-cladding mechanical interaction can occur late in life, when the gap
available for swelling is used up. In addition to ovalities, this mechan-
ical interaction has caused periodic variations in the average cladding
diameter that relate to fuel-pellet Ioc?tions (Fig. 2).

Most of the early irradiation test elsrrientswere individually encap-
sulated, which eliminated external forces on the element cladding. The
U51OO, K4, K4B, and K7 tests had the first elements with wire-wrapped
spacers. The effects of spacer wire-cladding mechanical interaction were
seen “as spiral ova?ities in the cladding of these elements.4 The ovalities
were probably caused by tightening of the wire wrap on individual elements
as a result of differential thermal expansion and swelling. The ~ladding
ovalities were very large (up to O 2 rrm) in some U51OO elements at -9 at.%
burnup, smaller (less than 0.1 mm) in the K4 elements of comparable burn~p,
and much smaller in the K4B and K7 elements that were only at -4 at.% burn-
Up. The axial variation of the ovality size, as well as the variation with
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Fig. 1. Transverse section from element K4-2 near the failure location.
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cladding material, indicated that irradiation-enhanced creep is the pre-
/ dcminant inelastic-deformation mechanism. The AIR-I elements were net wire

wrapped but were contained in individual flow shroud tubes with indenta-
tions to center the elements (A19-B subassembly). Four eleinents removed
for interim examination at -8 at.% burnup had some periodic cladding ovali-
ties that may be related to the spacer system as well as some irregularly
spaced ovalities. All ovalities were small (less than 0.05 mm) except for
‘one element that had become oval over the entire fuel column.

The cladding crack in the failed K4 element (K4-2) was located under
the wire wrap where the wire contacted the subassembly wall. The wire had
caused a local indentation in the outside surface of the cladding coinci-
dent with the crack (Fig. 3). Thus, in addition to fuel-cladding mechani-
cal interaction, this element experienced significant spacer wire-cladding
mechanical interaction in the vicinity of the cladding crack.

Fig. 3. Partial transverse section from element K4-2 showing
cladding crack and indentation (arrow) from the wire
The shroud tube is located at A. As ground.

the
wrjp.



Cladding Carburization

Cladding carburization has been determined from hardness measurements
made on transverse sections of cladding from a number of elements (U51OO
and K4). The inner cladding surface was hardened up to 0.11 mm in depth
when sesquicarbide was present in the fuel. Single-phase (U,PU]C fuel
appeared to cause very little cladding carburization (Fig. 4, U253). Hard-
ness profiles and depths were similar for Type 316 stainless steel (Fig. 4,
K4-4) and Incoloy800 (Fig.4, U257and U259). Depths were, in general,
insensitive to the type of shroud material and to cladding temperatures in
the range 400-600°C.

Fission-Gas Release

Fission gas released from the fuel during irradiation was measured
during destructive examinations of U51OO, K4, and AIR-1 elements. Releases
ranged from 3 to 14% of the gas generated.

/

1

{
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Fig. 4. Cladding hardness as a function of radial location )Iear the
midplane of elements U253, U257, U259, and K4-4.
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Overall Irradiation Performance
/

The irradiation performance of recent sodium-bonded fuel elements has
been quite impressive. The failed element (K4-2) was beyond its goa; burn-
up at failurs. Shroud tubes appear to be an effective means of reducing
fuel-cladding mechanical interaction. Thicker and stronger cladding also
appears to be a successful solution to this problem. I~<radiation testing
to date has demonstrated that sodium-bonded elements can perform reliably
under LblFBR operating conditions.

COREDESIGN

Utilizing the sodium-bonded carbide-fuel-element design demon~trated
in the tests described abo-ve, a heterogeneous core has been designed for a
1000 MWe (2740 MWt) LNi:BR.> The reactor has a fissile ‘loading of 4670 kg
at the beginning of the equilibrium cycle with a fissile gain of 353 kg/
cycle. The fissile feed enrichment is 13.9% for Driver Rings 1 and 2 and
is 15.5% for Driver Ring 3. The middle-of-equil ibrium-cycl e breeding ratio
is 1.55, and the compound system stand-alone doubling time is less than 13
years. The end-of-equilibrium-cycle driver-region sodium-void reactivity
worth was calculated to be $2.74. The end-of-equilibrium-cycle Doppler
coefficient (-TAK/AT) is 0.0049 for the driver fuel and is 0.0096 for
drivers and all b’lankeLs. Ibis core design, thus, provides outstanding
performance combined with acceptable safety parameters, which should en-
hance its licensability.

The core is in a bull ’s-eye configuration, as depicted in Fig. 5, with
3 driver rings, a central blanket region, 2 ann~la] blanket i-ings, and a
radial blanket region, containing a total of 240 driver assemblies, 11.5
internal b~ariket assemblies, and 204 radial blanket assemblies. It uses
24 control/safety assemblies with enriched B4C absorber rods. Two rings
of steel reflector assemblies, 186 total, surround the radii~l blanket re-
gion to protect the reactor-system structure from irradiation damage. The
active core height is 1.17 m with 0.79-m axial 51ankets.

Each driver assembly, as shown in Fig. 6, consists of a bundle of 169
wipe-wrapped fuel elements (9.40-mm ~.d. with 0.38-mm thick cladding) and
a lower shield region inside a hexagonal duct, with an inlet nozzle at the
bottom end and a handling socket at the top end. The driver elements are
vertically supported at their lower ends on a series of suppo~ted bars.
The elements in the outer ring of the bun~les are wrapped witn half-size
wire wraps to decrease the edge-flow area, The proper power-to-flow ratio
for assemblies in each flow-orifice zone is achieved by varying the number
and size of orifice holes in the inlet l~ozzles. Raised spacer or load pads
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Fig, 5. Carbide-fueled bull’ s-eye core configuration.

on each assembly are located at two elevations above the acfive core. The
pads establish a 6.9-mm gap between assemblies to accommodate bowing and
dilatior, associated with irradiation swelling and creep of the duct walls.

The driver pins contain a 1.168-m stack of (ll,PrJ)Cfuelpelletsbe-
tween0.432m of lower-blanket and 0.356 m of upper-blanket pellets. The
fuel pins are sodium bonded and contain 0.813-m gas plenums immediately
above. the upper blanket for the collection o“, ‘ission gases. The assembly
duct and the element cladding material is an Improved 20% cold-worked Type
316 stainless steel, which was used for the recently concluded DOE prolif-
eration-resistant LMFBR design studies.s

The core contains two types of blan’ : assemblies, internal and radial.
Both types contain 91 wire-wrapped blali : elements inside a 20% cold-
worked, improved Type-316-stainless-steel duct. The blanket assemblies,
as shown in Fig. 6, are slightly ldrger than the driver assemblies, and
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th? ;oad pads establish a gap of only 6.4 mm between the blanket ducts.
Th~ radial-blanket elements cbntain a 1.651-m length of iertile material
(UC), which is s~dium bonded to iri,proired20% cold-worke(l, Type-316-stain-
less-steel cladding. The internal-blanket elements hav(’ 1.956-m-long fer-
tile regions to match the driver-fuel plus axial-blanket Ie,?gths. Both
blanket types have a 0,508-rn upper fission-gas plenum. The peak linear
power is 78 kW/m. The mixed-mean sodium-outlet temperature is 500”C with
a 156°C reactor temperature rise. The peak discharge burnup of the fuel
is 88 MWd/kg for a 3-year residence time.

SUMMARY

Recent res~”lts from irradiation tests indicate that sodium-bonded ele-
ments provide a practical advanced-fuel-element design for use in LMFBRs,
Shroud tubes have effectively controlled fuel-cladding mechanical inter-
action; thicker and stronger claddings have also been effective in this ,
respect. Burnups to 11 at.% have been achieved under typical operating
conditions. A heterogeneous core with a breeding ratio of 1,55 and a com-
pound system doubling time of less than 13 years has been designed using
these element designs.
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2.

3.

4.

5.
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A boson polynomial corresponding to a double standard Weyl tableau

is defined as the product of the dete=minantal bosons (34) taken over

all columns 1,2,...,j of the frame. Using the double Gel~fand pattern
to denote the polynomials, we have:

-.[1(m’) ‘1 j~k ““”j~’kk o
P [ml (A) ~ ~~1 silk ... lA,kk . (35)

(m) =
#

We note 2w0 special cases of Eq. (35)

[

(max)

P [ml
(semi-max)

n-l “ 1*II ‘kn-l-mk+ln
(A) = ~111 a12 ::1~

=

(37)

.-x;
[. 1k-lk ‘kn-mkn-l

k=l % :::k-in
*

whero m. , 12 ., .k-lk~ ()for i > j, a~2000k-in = +
13 for k=l, and special pattern

notations have beer~introduced:

UI ‘1n ‘2n ““” ‘n-in ‘nnn1
[ml ●O ●.

~(mdx) =
“mln “ ‘2n

s

min

()mJ(semi-rnax) s
(max)

J
‘1n ‘2n “*” ‘n” In mnn

%-l I
(39)

‘Zn-l...
.

‘n-In-l
(IMx) J,,

!Pheweight (W,W’) or content af the double standard tableau {32)

Land of the double Gel’fand pattera (33) is defined to be [cf. FJqs.

(1) and (9)]

(w#w’) = (Wl,o..twnt W’?. ..,w:) ,
1 (40)

where (W) and (W’) are, respectively, the we{ghts of the left and right

standard tableaux (upper and lower Ge’1’fandpatterns).

As noted earlier the boson state vectors corresponding to the poly-

nomials (35) are not, in general, orthogonal [cf. Eq. (44)-(46) below],
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and the main emphasis in physics has been on the construction of

oathono~ma~ btud vec.toz~ denoted in the double Gel’fand pattern nota-

tion by .

-1[1(m’)

[1

(m’)‘
[ml > s W(Lml)l ‘% B (A)] 0>
(m) (R)

.

(41)

where

#([m]) = H[m] = ; pij!/i~j (pin-pIn) (42)
i-l

in which

P“ E m.
An in + n-i , (p. is called a (43)

“p~;tial hook”).
The boson polynomials

[1
(m’)

B [ml (A;
(m)

occurring in Eq. (41) and the double tableau polynomials

[1(m’ )
P [ml

(m)
(A)

(44) “

(45)

span the same vectiw spaces. However, only fox the patterns

do the polynomials agree (up to a n~xmalization factor).

We will now state the form of the boson polynomials (44) referring

to Refs. 11, 13, 17, and 23 for a discussion of the properties which

characterize these ort!~onormalforms and for the derivations of the

results below.

We begin with the statement of the simplest polynomials which are

those corresponding to a Young frame having 1 row with p boxes so that

[m] = [pO...01 - CPbl

where [W] and [W’] denote the weigh~~ of the lower and upper Ge;‘fand

.mpatterns,respectively, and B denotes the following square matrix of

nonnegative integers with constraint! on the m~lmm nf +h_ =~tw{a= 4-



!“
,-

i

I

.14,

.—
. . .

.

nu=

.

—.

1“
12
al al ““”u? ‘1
~
a.d a: ““”aD2.

1; n
‘n an ““”an,wn

w; w; w;

(48)

. . ,,

The symbols Wi(w’j) written to the right of row i (below column j)/.-
“desi$natethat the entries in row i (column j) are constrained to add

‘0 ‘i(wi)’
The sum,over ~ in Eq. (47) is to be taken over all non-

3 (for i,.j= 1,2negative integers ai ,...,n) which satisfy these coJl-
Straintc. .

Tfikgeneral result has a form similar to Eq. (47):

()(m’) ‘[ml) E C IRj)
()

j
B [m] (A) = M1/2 ; (a~)ai/[(q~)!]l/2;* (a) x

(m) a (m) i,j=l.
(49)

where the coefficients C in this result are given by

in which

)( (r2
1 ● ** ‘w (m2

‘fand pattern

where (rk) is the operator pattern which

the A pattern!,
i

tA(rk)l=[mlkm2k...mkkb]

.

00● ..*. .
● 0

o ) ~~‘O”(51)

is uniquely determined by

- [m
lk-lm2k-1”’*m bk-1k-1 1 ●

(52)

We can not go into an explanation here of the general structure of the
---mma_J--L- lSzn\ L..& ...-...*11 -u-lman h-w tha.* .W* -.9-s97 -6*A #n* +ha
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sFecial case of interest for Sn. It is sufficient here to note that

the general coefficients ,(50)are explicitly known.
●

We complete this general discussion with several observations on

the properties of the’boson polvnornial (49): The Zmpottunt pfiopemlie~

P~Cpehty (iii) al~o geneaatiz:h .to the ghoup U(n), LU#lehe the hOWA

‘[m](A) ake nOw to be enurnehatecf bg theand ~.+~lumnho~ Zhe ma.th.ix B

U(n-1) Get’fund pat.tehn4((m),(m’)). [Similar statements also apply

to the polynomials (35).1 Fina44g, tue kave a140 XIte .t4UPIb~OhmU$iOYI

phoneh%fj undee the combined teit and bight $hanh.tationhO( the bodon

mathix,

‘A+6AV, U, VcU(n) ,

“given bg
.. .

{m’)

() ()

(lJ’)\
B (m] (tiAV)= ~[ml

(VA’) (V)(m) (u)D(ml(v ’)(m’)(v)B [m]
(A) ,

(m) (m)

u~’ie,h e - dcnote~ mathit .thanhpobition, and

{Drm]{U)lU c U(n)}

(53)

(54)

(55)

~[ml

, ()(m’),m)(m,)([l)- B [m] (u) ... (m)
(56)

VII; The,young-yamunouchi heat, ptOpeh Oh$hogonat ihheducible hephE-

4tnlaLLonA od Sn.

Let us begin by considering the Cayley n x n permutation represent-

ation of S-O For this one lets P denote a permutation by the rule:

(1‘= j~

Then the ~orrespondence

P,+ [04

2 ● ** n

)j2 ● == in ●

(57)

o



.

where ei”denotes a unit column vec$.orwith 1 in row i and zeroes..
elsewhere - is a representation of Sn k? nxn matrices.

Since the general boson polynomial adx~itsof an interpretation of

the argument A by an nxn indeterminate, it is a well-defined operation

tozreplace A by lP, in Eq. (49). One obtains

b

()

(m’)
B [d (Ip)

(m)

[M([d)ll’26 ‘ 6
()

‘ (m’)
E 6 C [m] (ap) , (59)

‘iwil ‘~wi2
“● “ W;wi

(m) .
“n

where ,apdenotes the nxn numerical array.-

(ap) = [w e. ,w. e. ,...,wiei ] . (60)
‘1 ‘1 12 12 nn

Let us next.specialize to ..’epresentationshaving labels [m] which

are partitions of n, and at the same time ~e~thict the two Get’fund,
pu.ttehtt.4 (m) and (m’) 4uch .t~at the weight~ [Wl=[W’1=[~1. It follows

at once from Eq. (59)”that these special boson polynomials take the$
form:‘

()
(m’)

()

(m’)
B [m] (Ip) = [M([m])]l/2 C [m] (Ip) .

(m) (m)
(61)

It is useful to give a special notation to these objects; let us definf

I

,,.

~[ml
(m’)

()(m), (m’)(F; = B [~~
(Ip) .

Then

{D[mJ(P)lP c SJ

(62)

(63)

is an irreducible real.,orthogonal representation of Sn.

I Consider now tho specific iorm taken by the matrix elements of.
the se :.rreps. From Eq. (50) we obtain

; where dim[m] denotes the dimension of the irreducible representation
i [m] of S-. We ohall now explain in uetail the meaning of the quanti-



*
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(i) The synh..

()~ly~l I ‘ (65)
i

\

denotes a ~u~damentaz @ignefiopefiatot of U(n) [cf. Refs. 9, 17, 181
in ‘.Jhich( ~ ) is an abbreviated notation for the n-rowed Gel’fand

pattern which has weight [0 ...0 1 0...0] with the 3 appew:ing in posi-

“ tion i; similarly, (Iyo) denotes the inverted Gel’fand pattern which has

weight [0...0 1 0...0] with the 1 appearing in position y. Thus, we

have:

i,y = 1,2,....n (66)

in the symbol (65j. For example, for n=?, there are 9 fundamental Wig-

ner operators, a typical exa;lplebeing

[We will see b-elowthat, while upper

. (67)

and lower patterns in Eq. (65)

run over the same numerical patterns, the role of the two patterns in

the definition of a fmdamental Wigner operator (65) are qualitatively

different.]

(ii) The sequence in integers “

(68)

appearing in the upper patterns in Eq. (64) is the Yamanouchi symbol of

the Gel’fand pattern ,

()[m]
(m’) “

[Cf. Eqs. (12) and (13).]

Our remaining task is to define the concept of a

operator in ‘d(n)and to show how the c(:efficientsin

culated.

(69)

fundamental Wigner

Eq. (64) are cal-

Mt H[m] denote a carrier space for irreducible representation [m]
[ml i*:of U(n). Then an orthonormal basis of the space H

1ihn)> (m) is a Gel’fand pattern of the
Young frame Y[ml I

The fundamental Wigner operator denoted by

()[1 y ()]
i.

● (70)

(71)

is a mappi;g ff[m]+ ff[mj+6(T),where A(T) is the weight of the pattern



.

lb
(J. [If m~n+l < m~+l,n, then tf[ln]+A(~)contains only the zero

vector.] Tha mapping (71) is now defined explicitly by giving its

action on.each basis vector (70) of ff~m]: &

denotes a real number (matrix element) which we now describe.

For the description of the numbers (73), we require a detailed

notation for the entries in the rows of a Gel’fand pattern. We intro-

duce the notation [m]k = [mlk...mkkJ for the entries in row k, t% .

notation [1 blk for the row vector [1 O...O] of length k, and ~k(~}c)

for the row vector of length k which has 1 in position Tk (1 S Tk *< k)

and zeroes elsewhere. In terms of this notation each matzix elerilent

(73) may be described in the following manner: Each matrix element

(“/3)is zero unless the Gel’fand patte~n

(’mK’/T))
has the form

[ml + An(Tn)
n

(
[mln-l + 4n-l(~n-1)

●

●

i ‘i(Ti)
)

8
[mli~,

where for each

●

(74)

prescribed pair, T and i (1 < T <n, 1 < i < n)~ the

sequence of integers TntTn_~ta**tki satisfies

myandl<Tk<k for k=n-l,. ..,i.
‘n

Denoting the Gel’fand pattern (74) by the notation

()[m](m)
#

Tn...Ti

(75)

(76)

wa have the*result that each of the nonzero matrix elements (73) factor-



izes in +.hefollowing manner$

n

“(

[mlk+Ak(Tk)

II 1‘k
[1 blk

= k~i [m]~.~+Ak-l‘Tk-l)
‘k-l

‘m]k\

(77)

in which, by convention Ti-l = i and Ai_l(i) = [~li-l*

Each of the real numbers

.

(78)

in the product (77) is called a fieducadU (k): U (k-~) Ma~fi~x~-~’~rne~t

and has a very simple interpretation in terms of the pattehn calculu~

huled developed in Ref. 7. We state these rules hexe for the special
.-,,

case required to evaluate the factor (78):

The pat$ekn catc)uluh &ule4 {cf. Ref. 14).

(i) Write out two rows of dots and assign the numerical entries of

Jf}~T~) and Ak-l(Tk-l), as shuwn:

(position T~}

o 0 01 0 0 (3

o 0 ● ’””e ““”a ● ● row k
● ● e .0’.c’ ● rCW k-1
0’ 0 ““” 1 J o

(position Tk-~)

(ii) Draw an arrow between each point labelled by 1 (tail cf ar-

row) to each point labelled by O (head of arrow). Once this arrow-

pattern is drawn, remove the 0’s and 1’s from the diagram.

(iii) In the arrow-pattern assign the Partial hook pik to point i

(i-l,2,.. .,k from left to right) of row k and the partial hook pik-l

to point i (i=l,2,...:k-1) in row k-1 (pij=mij+j-i)●

(iv) Assign a numerical favtor to each arrow in the arrow-pattern

using the rule
/
t

Ptail - ‘head
/

+ ‘tnjl ‘
\

‘here ‘t~ii =1 if the tail of the arkow is on row k-1 and etail=o if tail

of the arrow is on row k. /
. J

twvi w“aA.- -..A- a.L- ---a..-L- 3
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N = product of all factors for arrows going bd@tt~ rows,

D = product of all factors for arrows going Wi~hin 2XX#s.

The reduced IJ(k):u(k-1)matrix e~@ment (78) is then 9iven bY

.

(79)

where S(Tk-l-Tk) is +1 for T~-l > Tk and ‘1 for Tk-~C~~’

Example. For k=3, T3=1, T2=2 the arrow-pattern is
..,.-..-....— .-

‘K2!c$’
P 12 P

22

and the reduced matrix”element (78) has t~e value given by

[ 1
1/2

(F13-P~2)(P2~-P33+ll(P’Q-P33+l) .
=-—

(P13-P23)(P~3-P33)(P22-P3~+~)

The result of applying these rules to Eqs. (78) is:

s(~~-+-Tk)

(80)

k (PT k-l-%k +1) k-l ‘p~kk-Ptk-l)
k-1

1/2
nc

‘p~kk-psk) ~jl y~l-Ptk-l+l )
. (81)

S=l
SKTk ‘*Tk-l,

Rolahh , using the above results from the pattern calculus~ Eq.

‘j(64) ~tha compl!e$ety explicit genekal h~hult, giving 604 each PLSn’
eve%y efement O( the kh~e.duckbklc mixth.ix hepke~e~$ation D ‘m](P).

Thus we have achieved our stated goal of obttining the real ortho-

!

onal 3* irreps in an explicit, non-recursive, WNY. The techniques we

ave used, in particular the pattern calculus, seem to be a natural ex-

en”ion of the ideas underlying the concept of a “hook” (due to hlakayama~
[261) as applied in,nd to Frame, tital.

obinson formulac27]

“hook product” of the Hall-

“1

●

,,

●
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